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Abstract:
Nonlinear metasurfaces incorporate many of the functionalities of their linear counterparts such
as wavefront shaping but simultaneously they perform nonlinear optical transformations. This
dual functionality leads to a rather unintuitive physical behavior which is still widely
unexplored for many photonic applications. The nonlinear processes render some basic
principles governing the functionality of linear metasurfaces not directly applicable, such as the
superposition principle and the geometric optics approximation. On the other hand, nonlinear
metasurfaces facilitate new phenomena that are not possible in the linear regime. Here, we study
the imaging of objects through a dielectric nonlinear metalens. We illuminate objects by
infrared light and record their generated images at the visible third-harmonic wavelengths. We
revisit the classical lens theory and suggest a generalized Gaussian lens equation for nonlinear
imaging, verified both experimentally and analytically. We also demonstrate experimentally
higher-order spatial correlations facilitated by the nonlinear metalens, resulting in additional
image features.
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Introduction
The image formation by a lens is one of the most basic and important optical principles. It can
be easily described by the Gaussian lens equation that is a part of many introductory textbooks
in optics[1]. As the linear optical component heavily relies on the basic electromagnetic principle
of superposition, its functionality is easily understood in a ray optics picture. From a scientific
point of view, the question rises how the image formation is affected if we violate these linear
principles and replace the regular glass lens with one made of a nonlinear material. This is a
novel approach, while most works on nonlinear imaging are in general either linked to
experiments in which a nonlinear process is executed on the object or the image of an object.[2,
3] In contrast, we imagine a nonlinear lens, where the phase accumulation is accompanied by a
nonlinear process through the lens itself (Fig. 1a-b). For this thought experiment, the
fundamental wave incorporates the object information and the nonlinear image formation on
the other side of this ?(?)-lens deviates from the linear regime. Even if it is practically possible
to manufacture refractive nonlinear crystals with curved surfaces, the phase-matching
conditions will massively impede the experimental realization. The intrinsic properties of
metasurfaces make them attractive candidates for the realization of such a device.[4] In contrast
to conventional bulky optics, the nonlinear response of subwavelength-thick metasurfaces does
not rely on the phase-matching condition[5], instead, it is governed by localized geometric
resonances[6-8]. Such nonlinear metasurfaces are built up as two-dimensional arrangements of
subwavelength nanoresonators that have shown the potential to precisely and flexibly control
beam parameters like phase, amplitude, polarization, spin, and angular momentum
manipulation for the generated nonlinear light[9-17]. Recently, significant progress has been
made in increasing the efficiency of nonlinear processes in metasurfaces facilitated by designs
utilizing high-index dielectric nanoparticles supporting multipolar Mie resonances[18, 19], which
??ers a paradigm shift in nonlinear optics[7]. Several peculiar nonlinear phenomena have been
reported recently, such as nonlinear holography[10, 14, 20], nonlinear optical encryption[21], image
formation not captured by a lens equation[22] and refraction not covered by Snell’s law[23].
Fundamental equations like the Snell’s law of refraction or the geometrical-optics thin-lens
equation need to be expanded or generalized for the nonlinear metasurfaces so that a more
comprehensive understanding of physics may emerge.
Here, we study experimentally the nonlinear imaging of objects by nonlinear all-dielectric
metalenses. The metalenses consist of silicon nanoparticles that support Mie resonances
facilitating the enhancement of the nonlinear conversion efficiency for the third-harmonic
process[24-27]. We show that the nonlinear formation of real THG images can be measured
experimentally and solved by a generalized nonlinear lens equation. Furthermore, we can
observe additional image features by higher-order spatial correlations that are based on the
nonlinear process and can be tuned by certain experimental conditions.
Figure 1: Schematic concept and characteristics of nonlinear metalenses. a Schematic
illustration of the image formation with a regular lens. b Intuitive realization of schematic image
formation with a nonlinear lens made of ???)-material. c Numerically simulated THG
amplitude and THG phase for different nanopillar semi-axis in both x and y directions. d
Scanning electron microscopy image of the fabricated dielectric metalens (ML400). e TH
diffraction efficiency for corresponding fundamental illumination wavelengths.
Results
The geometry of the nanoparticles controls the wavefront shape via the nonlinear Huygens’
principle[18]. We employ a planar array of different elliptical nanopillars made from amorphous
silicon (150 different nanopillar geometries in total with the full details provided in
Supplementary Material). All nanopillars are of the same height of 600 nm and they are
arranged into a square lattice with a period of 550 nm being placed on a glass substrate. All
silicon nanopillar resonators are designed to generate a similar intensity of the nonlinear third-
harmonic (TH) signal combined with the directional forward scattering. However, the different
nanopillars provide different phase delays ranging from 0 to 2? via the appearing geometric
resonances at the third-harmonic generation (THG) frequency. We fabricate metalenses of
200×200 µm² in size with focal distances of f = 300 µm (ML300) and  400 µm (ML400). The
corresponding radial phase distribution for each lens is given by?(r) = ??
?
???? + r? ? |?|?,
where ? is the radial distance from the center of the lens, ? is the focal length in air and ? is the
free-space THG wavelength.
The metalenses are designed to work at the telecom wavelength of 1550 nm, which results in a
TH wavelength of approximately 517 nm. Our design is experimentally verified by
multispectral k-space analysis over the fundamental wavelengths from 1400 nm to 1700 nm
(see Supplementary Material). The nonlinear metalenses reach the diffraction efficiency for the
THG of 48%. The experimentally measured THG conversion efficiency is of the order of   10??
(see Methods). In previous work[22], image formation with an appropriate plasmonic nonlinear
metalens for higher harmonic generations was not demonstrated before due to the low
conversion efficiency and the low damage threshold. Figure 1 c-e shows the design, electron
microscopy image, and diffraction efficiency of the fabricated metalens.
Next, we study experimentally the focusing of Gaussian beams by these nonlinear metalenses.
A schematic illustration is shown in Figure 2a. We trace the THG intensity distribution behind
the metasurface on a camera. By splitting the beam path, we image also the intensity distribution
of the pump beam in the near-infrared range on an infrared camera. The fundamental wave is
loosely focused by a regular lens with a focal length of 500 mm to the metasurface so that the
beam waist at the sample position is slightly larger than the size of the metalens. By changing
the axial microscope objective position, we image different transverse planes on the cameras.
Consequently, the propagation of the fundamental beam and TH wave can be determined along
the optical axis (Fig. 2a). We find the focal Gaussian root mean square (RMS) spot sizes to be
0.5 µm for ML300 and 0.6 µm for ML400. These results are close to the respective diffraction-
limited  RMS  spot  sizes  of  0.4  µm  and  0.5  µm  (see  section  S1  in  Supplementary  Material).
Additionally, we narrow down the pump beam size (FWHM 50 µm) and illuminate only the
upper part of the metalens, as shown in Fig. 2b. We trace experimentally corresponding
focusing and transverse shift of the THG beam. This experiment demonstrates how the
fundamental Gaussian beam is converted into the TH secondary beam: it is deflected, focused
at ? = ? to an FWHM spot size of 3.5 µm and after a propagation length of ? = 2? we can
obtain the TH secondary beam waist of 28 µm, which is very close to the analytical prediction
of ????
??
? 29 µm (see Supplementary Material).
Figure 2: Nonlinear conversion and focusing of the fundamental Gaussian beam. a
Conceptual illustration of the fundamental wave at frequency ? converted to a third-harmonic
wave at frequency ?? and focused by the metasurface lens. b Measured TH intensity
distribution of the focal spot at ? = 400 µm (logarithmic scale). c 1D TH intensity profile
showing a Gaussian RMS spot size of 0.6 µm. d Experimental distribution of the fundamental
(red, left side) and third-harmonic (green, right side) intensities along the optical axis for the
fundamental wavelength of 1550 nm and metalens focal distance of ? = 400 µm. e Intensity
distribution for the imaging of an off-axis Gaussian beam by the same nonlinear metalens.
Next, we proceed with the imaging of an L-shaped aperture as a real object for the TH nonlinear
image formation (Fig. 3). For the imaging, we use a configuration with small ?
?
 parameter
(where ? is the size of the aperture) such that the nonlinear correlation is weak and thus the
nonlinear imaging process is similar to its linear counterpart. We place the aperture at an object
distance of ? ? ?? ? ?300 µm in front of the metalens (ML300), which in linear optics
should result in an image formation at infinity. Instead, we observe an image at a distance ? =450 µm behind the metalens that satisfies a modified form of the Gaussian lens equation,1
?
= 1
?
?
1
? ? ?
where n is the order of nonlinear parametric process. These experimental findings are supported
by theoretical calculations employing the nonlinear beam propagation method (see Fig. 3d - f).
We also measured the nonlinear image formation for different object distances ? =
??300,?400,?500) µm that agree with the generalized Gaussian lens equation (see Fig. 3g).
Note that we use the sign convention where the object and image distances directly match the
coordinates on the optical axis (positive after passing the lens and negative before passing the
lens) whereas the lens is placed in the origin of the coordinate system. To reveal the physics
behind this experimentally uncovered generalized lens equation, we employ numerical studies
by the beam propagation method. For this, we introduce simplifications by assuming an object
position close to the lens and a plane-wave illumination. This yields an expression for the
generalized lens equation in the form written above (see details in Methods and Supplementary
Material).
Figure 3: Nonlinear imaging governed by the generalized Gaussian lens equation. Upper
row: a Microscopic white light image (transmission) of the fabricated L-shaped aperture placed
at an object distance ? ? ?? ? ?300 µm in front of the metalens (ML300). In this
configuration, a conventional lens equation predicts an image formation at infinity distance. b
Focusing of the THG at ? = 300 µm back focal plane of the metalens. c TH image formation
of the L-shaped aperture at an image distance of ? = 450 µm. The real image appears inverted
and demagnified in full agreement with the generalized lens equation. d-f Corresponding
numerical simulation by using the beam propagation method on the same length scale. g Plot
of image distances ?  versus object distances ?. THG image measurements are shown for
different object distances ? = (?300,?400,?500) µm. The red curve is the prediction by the
generalized Gaussian lens equation.
We further investigate the nonlinear nature of the metalens by imaging an object consisting of
two apertures. The fundamental light propagates through the two apertures and diffracts during
the propagation in the linear regime (see Fig. 4a, b). The signal interferes at the metalens surface
and is partially converted to the third-harmonic wavelength. The added spatial phase
information by the metasurface results in a focusing of the TH light. The resulting distribution
of the THG signal along the optical axis is shown in Fig. 4c. Since the fundamental light
reaching the metalens possesses spatial coherence, the generated nonlinear signal possesses
new spatial frequencies leading to two additional maxima of the TH signal in the image plane
(see Fig. 4d). Hence, the nonlinear image formation can, therefore, be associated with a higher-
order nonlinear correlation process (see Supplementary Material, Fig. S7). This process can
also be considered as a higher-order optical aberration, which only occurs in the nonlinear
regime and is pronounced for relatively large object distances. We place the apertures at an
object distance of ? ? ?3 mm. At the location of the image plane (? = 465 µm), we observe
four THG intensity maxima instead of two expected spots for linear optics. The resulting THG
image can be understood in the following way: the larger outer circles are formed by 3?-
photons generated by ?-photons all coming from the same aperture (either top or bottom). Both
inner smaller circles originate from three ?-photons generated by ?-photons from both
apertures (e.g. one ?-photon from the bottom aperture and two ?-photons from the top
aperture). Hence, the image formation is associated with a third-order spatial correlation
function of the apertures, carrying information about spatial coherence of light coming from
the object. We find that the magnitude of the higher-order correlation features at the image
plane grows with the increase of the ratio | ?
?
|. Accordingly, these correlation features can be
minimized by reducing the object distance or maximized for secondary applications that utilize
higher-order correlations (like pattern recognition [28]).  We support our experimental results
with semi-analytical calculations using a beam propagation method that we generalize to
account for the nonlinear harmonic generation (see details in Methods and Supplementary
Material). The results of the corresponding theoretical calculations are shown in Fig. 4e - h.
Figure 4: Nonlinear imaging and spatial correlation for two apertures. Upper row: a White
light image of the two circular apertures (A and B) in front of the metalens. b Measured axial
intensity distribution of the fundamental wave between object and metalens position. Both
apertures are simultaneously illuminated with a weakly collimated beam at ? = 1550 nm. c
Measured intensity distribution of the THG intensity along the optical axis near the focusing
and imaging planes of the two apertures. d Cross-section of the corresponding TH intensity 465
µm after the metalens showing the formation of four maxima associated with the third-order
spatial correlation function of the object. e-h Corresponding numerical simulation with
nonlinear beam propagation method: beam waist of two Gaussian beams is located in the object
plane. The fundamental and third-harmonic axial intensity distribution, as well as the image
plane cross-section, is illustrated.
Next, we add a third circular aperture to the object (aperture C in Fig. 5a). At a distance of ? =465 µm behind the metalens, we observe a similar higher-order correlation process (Fig. 5b),
which shows two additional maxima on every side of the triangular arrangement. The distance
between the additional maxima on the longer side AC is greater than on the shorter sides BC
and AB. Additionally, we can find one central maximum at 3? resulting from three ?-photons
coming from each of the three circular apertures. This experiment is matched with theoretical
calculations using the nonlinear beam propagation method (Fig. 5c, d).
Figure 5: Nonlinear imaging and higher-order spatial correlations for three apertures.
Upper row: a Microscopic image of three apertures, illuminated simultaneously at the object
distance ? ? ?3 mm. b The corresponding experimentally obtained TH intensity distribution
at ? = 465 µm behind the metalens shows the formation of 10 maxima associated with the
third-order correlation. The marked spot corresponds to the THG signal obtained via nonlinear
conversion of ? photons from all three apertures. c-d Corresponding numerical results obtained
with the beam propagation method. Beam waists of three Gaussian beams are located in the
object plane. The waist and the intensity of the lower right beam are chosen to be slightly
different from the other two beams to reproduce the experiment more accurately.
In summary, we have demonstrated, both experimentally and theoretically, the imaging with a
nonlinear all-dielectric metalens. We have employed an efficient design of a nonlinear dielectric
metalens based on the generalized Huygens’ principle. Our nonlinear metalens facilitates
higher-order spatial correlation effects originating from the nonlinear frequency conversion not
available in the linear regime. We have illustrated the conditions to maximize and minimize the
additional higher-order correlation features at the image plane. Based on the experimental
observations, we have formulated a generalized form of the Gaussian lens equation for imaging
through general nonlinear lenses, which is in analogy to the well-known thin-lens equation in
linear ray optics. The modified lens equation predicts correctly the size and location of the
formed nonlinear image in our experiments. Nonlinear metalenses provide a future platform for
applications in nonlinear information processing, including pattern recognition based on higher-
order spatial correlations[28]; all-optical higher-order Fourier transformations; short laser pulse
diagnostics; and spatial photon correlation and coherence measurements.
Methods
Nanofabrication. The nonlinear all-dielectric silicon metalenses are fabricated on a glass
substrate following the processes of deposition, patterning, lift-off, and etching. At first, we
prepare a 600-nm-thick amorphous silicon (a-Si) film with the help of plasma-enhanced
chemical vapor deposition (PECVD). As a next step, poly-methyl-methacrylate (PMMA) resist
layer is spin-coated onto the a-Si film and baked on a hot plate at 170°C for 2 min. Next, the
nanopillar structures are patterned by using standard electron beam lithography (EBL). The
sample is then developed in 1:3 MIBK:IPA solution and washed with IPA before being coated
with a 20-nm-thick chromium layer using electron beam evaporation. Afterward, a lift-off
process in hot acetone was performed. Finally, by using inductively coupled plasma reactive
ion etching (ICP-RIE), the structures were transferred from the chromium mask to silicon. See
Ref.[22] for the fabrication of the L-shaped aperture and the circular apertures.
Experiment. We pump the nonlinear metalens with linearly polarized 40 femtoseconds (fs)
pulses from an optical parametric amplifier (OPA). The laser repetition rate is 1 MHz and the
used average power for the nonlinear measurements in Figures 1 and 5 is ~1.8 mW (pulse
energy: 1.8 nJ, peak power: 42.3 kW). Then the fs laser beam of each wavelength is focused by
an achromatic condenser lens (?? = 500 mm for the focusing experiment and the illumination
of the L-shaped aperture and ?? = 75 mm for the single and multiple Gaussian beams
experiments). The ?? = 75 mm condenser lens leads to a peak power density of 1.5 GW/cm²
(0.3 GW/cm² for ?? = 500 mm ). The metalens is illuminated at normal incidence and the THG
signal is collected by an infinity-corrected microscope objective (× 20 / 0.45). A tube lens
(?? = 200 mm) is used to image the nonlinear signal onto the ultra-low noise sCMOS camera
(Andor Zyla). In a second beam path, we detect the fundamental beam with an NIR camera
(Xenics Xeva). Furthermore, two short-pass filters are inserted in front of the sCMOS camera
to block the fundamental wave.
Nonlinear beam propagation method. We consider an electromagnetic field distribution ??(?)
at an object distance ? from a lens with a focal length ?. The output field ??(?) at a distance ?
behind the lens in a linear regime can be calculated by the conventional beam propagation
method: light propagation over an arbitrary distance ? is accounted by the propagator ????? in
the Fourier-space. The resulting linear beam propagation equation reads:
??(? ) ? ???[ ? [???[ ? [??(?),?]?????? , ?]???????????, ?]?????,?]
where ?? is the length of the wave vector and ?? accounts for the longitudinal component of
the wave vector correspondingly. This is simplified by using Taylor expanded expressions
corresponding to the slowly varying envelope approximation (SVEA):
??? + ??? = ??? = ?2?? ??     ? ?? = ???? ? ??? ? ?? ? ???2??     & ??? + ?? ? ? + ??2?
If we now take into account the beam propagation method in the nonlinear regime with
harmonic generation order ?, the electromagnetic output field changes to
??
(??)(?, ?) ? ??? ?? ??????? [??(?),?]?????? ,????????????????, ?? ??????, ??
where the field distribution at the lens is of the ?th order, and the wavevector after the lens is ?
times longer. This equation provides a general approach on how to solve for the electromagnetic
output field behind the nonlinear metalens numerically, which can be easily extended to all
three spatial directions. The analytical solution for the image formation, resulting in the
nonlinear lens equation, can be found for particular approximations originating from large
object size and object distance (see Supplementary Material).
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